ABSTRACT. A generalized quadrangle is a point-line incidence geometry such that any two points lie on at most one line and, given a line ℓ and a point P not incident with ℓ, there is a unique point of ℓ collinear with P . We study the structure of groups acting regularly on the point set of a generalized quadrangle. In particular, we show that a thick generalized quadrangle with a group of automorphisms acting regularly on both the point set and the line set does not admit a polarity. Moreover, we prove that a group G acting regularly on the point set of a generalized quadrangle of order (u 2 , u 3 ) or (s, s), where s is odd and s + 1 is coprime to 3, cannot have any nonabelian minimal normal subgroups.
Introduction
A finite generalized quadrangle is an incidence geometry consisting of a finite set P of points and a finite set L of lines such that, if P ∈ P and ℓ ∈ L such that P is not incident with ℓ, then there is a unique point on ℓ collinear with P . From this definition, one can show that any point is incident with t + 1 lines and any line is incident with s + 1 points, where s and t are fixed positive integers. Such a generalized quadrangle is said to have order (s, t). If both s, t > 1, then a generalized quadrangle is said to be thick. For further basic properties of generalized quadrangles, see [6] .
A group G is said to act regularly on a set Ω if G is transitive on Ω and, for all ω ∈ Ω, G ω = 1. When a group G acts regularly on a set Ω, there is a natural identification of elements of G with elements of Ω: if we fix ω ∈ Ω, then we may identify ω with the identity 1 ∈ G, and, if α ∈ Ω, we may identify α with the unique element g ∈ G such that ω g = α. There has been substantial interest in generalized quadrangles with a group of automorphisms G acting regularly on the point set P; see [2, 3, 5, 8] . The purpose of this paper is to study further the structure of such generalized quadrangles and the groups that act regularly on their point sets.
A first step in the study of a generalized quadrangle Q with a point regular group G of automorphisms is to consider the action of G on the lines of Q. One possibility is that G also acts regularly on lines. In this case, it is not difficult to show that s = t (in which case we say that Q has order s). The only known example of a generalized quadrangle with a group of automorphisms acting regularly on both points and lines is the unique thin generalized quadrangle of order (1, 1), and it is not difficult to show that s would have to be even in this situation (see Section 3. Indeed, Ghinelli [5] conjectures that no generalized quadrangle of order s, when s is even, has a group of automorphisms acting regularly on points. Here, we make a more modest conjecture.
CONJECTURE 1.1. A generalized quadrangle Q of order s > 1 cannot have a group of automorphisms acting regularly on both the point set and the line set.
Since there is a natural identification of G with both the point set and the line set in this case, it is natural to think that Q should have a polarity θ; that is, an order two isomorphism from Q to the dual generalized quadrangle Q ′ , which has point set L and line set P. In fact, the following result, which can be considered evidence toward the veracity of Conjecture 1.1, shows that such a thick generalized quadrangle cannot have a polarity. THEOREM 1.2. A generalized quadrangle Q of order s > 1 that has a group of automorphisms acting regularly on both the point set and line set cannot admit a polarity.
In this paper, we also study the structure of groups that could act regularly on the point set of a generalized quadrangle, leading to the following result. It should be noted that Theorem 1.3 is an immediate consequence of Theorems 4.6 and 5.4, which consider, respectively, the generalized quadrangles of order s and the generalized quadrangles of order (u 2 , u 3 ). This paper is organized as follows. Section 2 contains background information and sets the stage for the results proved later in this paper. In Section 3, we prove Theorem 1.2 and further characterize the structure of a generalized quadrangle with a group of automorphisms acting regularly on both points and lines. In Section 4 we study the properties of a group G that acts regularly on the point set of a generalized quadrangle of order s, where s is odd and s + 1 is coprime to 3. Finally, in Section 5 we study the properties of a group G that acts regularly on the point set of a generalized quadrangle of order (u 2 , u 3 ), where u > 1.
Background
We begin with group theoretic terminology and notation. In a finite group G, the Fitting subgroup is the largest normal nilpotent subgroup of G and is denoted F (G). Given a prime p, the p-core O p (G) of G is the largest normal p-subgroup of G. The Fitting subgroup is also the product of the p-cores of G for all primes p dividing |G|. A quasisimple group is a perfect central extension of a simple group, and a component of a group is a subnormal quasisimple group. The layer E(G) of a group G is the subgroup generated by all components. The generalized Fitting subgroup F * (G) is the subgroup generated by the Fitting subgroup and the layer. In a solvable group, the generalized Fitting subgroup is the same as the Fitting subgroup. Each of the Fitting subgroup and the generalized Fitting subgroup contains its own centralizer. For more information regarding these concepts, see [1] .
We now discuss some results about generalized quadrangles. Let Q be a finite generalized quadrangle with point set P, line set L, and order (s, t). Given P, Q ∈ P, the notation P ∼ Q indicates that P and Q are collinear. The following lemma concerns the parameters s and t. The first paper to consider a group G acting regularly on the point set P of the generalized quadrangle Q was [5] . Note that, if a group G acts regularly on the point set of a generalized quadrangle of order s, where s is even, then |G| = (s + 1)(s 2 + 1) is odd, and so G is solvable. The following lemma collects various results proved by Ghinelli that will be useful later. 
Yoshiara was able to generalize many of the results of Ghinelli in [8] . The following lemma collects various results proved by Yoshiara that will be useful later in this paper. LEMMA 2.3. [8, Lemma 4, Lemma 6, Lemma 7, Theorem 8, Lemma 9, Lemma 10] Let G be a group that acts regularly on the point set of a generalized quadrangle of order (s, t). Assume that gcd(s, t) > 1, and let P be a fixed point of the generalized quadrangle. Define ∆ := {g ∈ G : P g ∼ P } ∪ {1}. 
3. Generalized quadrangles with a group of automorphisms acting regularly on both points and lines
Throughout this section, we will assume that Q is a generalized quadrangle of order (s, t) with a group of automorphisms G that acts regularly on both the point set P and the line set L. This immediately implies that s = t and |G| = (s + 1)(s 2 + 1). We fix a point P ∈ P, and we define ∆ := {g ∈ G : P g ∼ P } ∪ {1}.
LEMMA 3.1. If s > 1, then |G| is coprime to both 2 and 3.
PROOF. This follows directly from Lemma 2.3 (iii).
, where p is an odd prime dividing s 2 + 1.
PROOF. Since |G| is odd by Lemma 3.1, G must be solvable. Moreover, this means s is even, so by Lemma 2.
Noting that gcd(s + 1, s 2 + 1) = 1 since s is even, p divides either s + 1 or s 2 + 1, but not both. By Lemma 2.2 (i), O r (G) = 1 for all primes r dividing s + 1, and therefore p must divide s 2 + 1.
Suppose that x is conjugate in G to x −1 . Then there exists g ∈ G such that x g = x −1 , and so x g 2 = x. Since |G| has odd order by Lemma 3.1, g has odd order, and there is some n ∈ N such that g = (g 2 ) n , which means that g centralizes x. However, this means that x = x −1 , and x must have order dividing 2, a contradiction. Hence x and x −1 cannot be conjugate in G, and O p (G) has at least three conjugacy classes:
We also know by Lemma 2.3 (ii) that each conjugacy class of G meets ∆. Therefore,
We are now ready to prove Theorem 1.2. We now prove two propositions that characterize the generalized quadrangles with a group that acts regularly on both points and lines.
.., g s } be a subset of a group G satisfying the following:
Then there exists a generalized quadrangle Q such that Q has order s and G acts regularly on both the point set P and the line set L of Q.
PROOF. First, there are precisely s + 1 elements in Σ, and g i g −1 j g k ∈ Σ only when i = j or j = k by (AX2). Moreover, the manner in which g ∈ G\Σ can be written as a product g i g −1 j g k is unique by (AX1). This implies that there are s 2 (s + 1) elements in G\Σ ((s + 1) choices for j, s choices for each of i and k), and |G| = (s + 1) + s 2 (s + 1) = (s + 1)(s 2 + 1). We define the point set P to be the elements of the group G (where the point associated with the group element g will be denoted P g ), and we define the line set L to be the sets Σh, where h ∈ G (we denote the line associated with the set Σh by ℓ h ). Finally, the point P x will be incident with the line ℓ y if and only if xy −1 ∈ Σ. For any g ∈ G, note that the point P x is incident with the line ℓ y if and only if (xg)(yg) −1 = xy −1 ∈ Σ if and only if P xg is incident with ℓ yg . Hence each g ∈ G acts as a collineation of the putative generalized quadrangle Q, and this action is regular on both points and lines.
Since |Σ| = s + 1, each line contains s + 1 points. Moreover, if a point P x is on a line ℓ y , then xy −1 ∈ Σ. For a fixed x ∈ G, there are exactly s + 1 elements y of G such that xy −1 ∈ Σ, so each point is on exactly s + 1 lines.
Let P x and P y be distinct points of Q, and assume that both points are on the lines ℓ g and ℓ h . This means that there exist integers i, j, m, n such that x = g i h = g m g and y = g j h = g n g.
By (AX2), this means that either g n = g m or g n = g j . If g n = g m , then y = g n g = g m g = x, a contradiction to distinctness. Thus g n = g j , which implies that g = h. Therefore, distinct points are incident with at most one line.
Let ℓ x and ℓ y be distinct lines of Q and assume that they intersect in at least one point. This means that g i x = g j y for some 0 i, j s, and furthermore xy
i g j , and by (AX1), i and j are unique. In this case, the lines ℓ x and ℓ y meet in exactly one point. Assume now that xy −1 ∈ Σ. The lines ℓ x and ℓ y are distinct, so xy −1 = 1 = g 0 . Thus xy −1 = g j for some j > 0, and x = g j y. Note that the size of the intersection of Σg j y and Σy is the same as the size of Σg j and Σ. Suppose that g i and g k are such that
, then g k = g j , and the two lines intersect in a unique point. If g i = g k , then g j = 1, a contradiction to the distinctness of the lines. In any case, two distinct lines are mutually incident with at most one point.
Let P x be a point that is not incident with the line ℓ y . This is equivalent to xy −1 / ∈ Σ. By (AX1), there exist unique i, j, k such that xy PROOF. Assume that such a generalized quadrangle Q exists. Fix a point P 1 ∈ P and identify it with the identity element 1 ∈ G. Since G acts regularly on P, we may identify a point P x of P with the group element x ∈ G. Let ℓ be a line incident with P 1 , and define Σ := {g ∈ G : P g is incident with ℓ}, and label the points of Σ such that Σ = {g 0 = 1, g 1 , ..., g s }.
Note that G acts regularly on the lines of Q, so we may identify the lines of Q with the sets of elements of the form Σh, where h ∈ G. Without a loss of generality we may denote the line Σh by ℓ h , and so the line ℓ is identified as ℓ 1 .
Assume first that g / ∈ Σ. This means that P g is not incident with ℓ 1 . Since Q is a generalized quadrangle, there exists a unique point P g i on ℓ 1 such that P g is collinear with P g i . Since G acts regularly on both points and lines, P 1 is collinear with precisely the lines ℓ g . Since i = j, g i g
is distinct from P 1 but collinear with P 1 . On the other hand,
is also on line ℓ g
−1 j
, which is also incident with P 1 . Since two points are incident with at most one line, we conclude that ℓ g
. Therefore, j = k, and Σ satisfies (AX2), as desired. Indeed, if C 4 = x , then the set Σ = {1, x} satisfies all three conditions, and hence the unique thin generalized quadrangle of order (1, 1) has a group of automorphisms that acts regularly on both its point set and its line set.
Generalized quadrangles of order s, s odd and coprime to 3, with a group of automorphisms acting regularly on points
Let Q be a finite generalized quadrangle of order (s, s), where s > 1 is odd and s + 1 is coprime to 3, with point set P and line set L.. Let G be a group of automorphisms of Q that acts regularly on P, and suppose that N is a nonabelian minimal normal subgroup of G. For a distinguished point of O of Q, we define ∆ := {g ∈ G : O g ∼ O} ∪ {1}. First, by Lemma 2.3 (iv), N ∼ = Sz(q) m , where m ∈ N and q = 2 2e+1 for some e ∈ N. Let N = S 1 S 2 ...S m , where each S i ∼ = Sz(q), each S i is normal in N, and S i ∩ S j = ∅ for all i = j.
Since |G| = |P| = (s + 1)(s 2 + 1) and s 2 + 1 ≡ 2 (mod 4), we have that the highest power of 2 dividing |G|, which we will denote by |G| 2 , is 2(s + 1) 2 , i.e., two times the highest power of two dividing s + 1. Since |Sz(q)| 2 = q 2 , |N| 2 = q 2m , and we immediately obtain the following inequality:
( G ℓ 1 or that no element x 1 x 2 , for x 1 , x 2 = 1, is in ∆. Let x = x 1 x 2 ∈ T 1 T 2 for some x 1 , x 2 = 1. This means that x G consists elements of the form
We now proceed by induction, and assume that T j 1 T j 2 ...T jn G ℓ j 1 for distinct indices j 1 , ..., j n . Arguing as above, since ∆ meets every conjugacy class, there must be a set of indices l 1 , ..., l n+1 such that 
On the other hand, examining the sizes of conjugacy classes of Sz(q) (see, for instance, [7, Section 4 .2]), we have:
By Lemma 2.3 (ii), s divides |a G ∩ ∆ c |, and since both a G ∩ ∆ and a G ∩ ∆ c are nonempty,
Combining (3) with (1) and (2), we find that q 2m 2mq 2 (q − 1)(q + √ 2q + 1) < 2mq 5 , and so q 2m−5 < 2m. Hence,
(1 + 7)
and, simplifying, we see that m < 34 12 < 3, and so m = 1 or 2. Suppose that m = 2, so N ∼ = Sz(q) × Sz(q). G must act transitively on the simple direct factors of N, so 2q 4 divides |G| 2 . This improves (1) to q 4 s + 1. Going back to (2) and (3), we find now that:
Let p be any odd prime dividing (s + 1). Then pq 4 divides s + 1, and, combined with (4), this yields 5q PROOF. Suppose that G has two minimal normal subgroups, M and N. By Lemma 4.2, N ∼ = Sz(q) and M ∼ = Sz(q ′ ), where without a loss of generality′ . Distinct minimal normal subgroups must commute, and so we may proceed as in the proof of Lemma 4.2:
divides (s + 1), and so
s + 1. Also, N ∩ ∆ c = ∅, so we now have s + 1 q 2 (q − 1)(q + √ 2q + 1) < 2q 4 . By the same argument as in the proof of Lemma 4.2, no odd prime can divide (s + 1). However, if (s + 1) is a power of 2, then as in the proof of Lemma 4.2, (q − 1) cannot divide s 2 + 1, a contradiction. Therefore, if G has a nonabelian minimal normal subgroup, it must be unique. PROOF. We know that N ∼ = Sz(q) is the unique minimal normal subgroup of G, and so q 2 divides |G| 2 = 2(s + 1) 2 , i.e.,
, which in turn implies that q 2 n−1 + 1. Since q is a power of 2, we have q 2 n−1 . Note also that gcd(q 2 + 1, s + 1) = 1. Let p be an odd prime dividing q + √ 2q + 1, and let a ∈ N be an element of order p (Sylow subgroups of odd order are cyclic in Sz(q)). Since p does not divide s + 1, by Lemma 2.3 (vi) a G ∩ ∆ c = ∅, and so:
Furthermore, since (q − 1)(q 2 + 1) =
and
We divide into two cases, depending on whether 2 2n−2 − 2 n q 2 + 2 is nonnegative or negative. Suppose first that 2 2n−2 − 2 n q 2 + 2 0. Thus 2 n q 2 2 2n−2 + 2, and so q 4 , contradicting (5). Now suppose that 2 2n−2 − 2 n q 2 + 2 < 0. Thus (q − 1)(q 2 + 1) divides 2 n q 2 − 2 2n−2 − 2, which is a positive integer. We already know that q 2 n−1 , so let 2 n−1 = 2 m q for some m 0. Substituting, we have (q − 1)(
, and since
We once more split into two cases, depending on the sign of 2 2m − 2 m+1 q − 2. If 2 2m − 2 m+1 q − 2 0, then 2 m+1 q 2 2m − 2, and so q < 2 m−1 . On the other hand, if 2 2m − 2 m+1 q − 2 < 0, then q 2 + 1 2 m+1 q − 2 2m + 2, which implies that q 2 < 2 m+1 q and that q < 2 m+1 . In either case, q 2 m . However, this implies that:
which contradicts (5). Therefore, s + 1 cannot be a power of 2.
In order to further determine the structure of G, we will now examine the generalized Fitting subgroup of the centralizer in G of N,
Since N is the unique nonabelian minimal normal subgroup and the Schur multiplier of Sz(q) is trivial, E(C G (N) ) E(G) = N, and so E(C G (N)) = 1 (as in [8, Step 5] ). This means
Note that if for any prime p, O p (G) = 1, G contains a normal elementary abelian p-group. Suppose that such an odd prime p that divides |F (C G (N))|, and let O p (C G (N)) = P . Since P is characteristic in F (C G (N)), P ⊳ G, and so |P | s + 2. On the other hand, for some a ∈ N, s + 1 |a
. Hence, we have:
However, as above, this implies that x G ⊆ ∆ and by Lemma 2.
Finally, we know that |O 2 (G)| = 2(s + 1) 2 . By Lemma 4.4, s + 1 cannot be an odd power of 2, so there is an odd prime r that divides s + 1. This implies that:
In particular, this implies that for each x ∈ O 2 (G), |x G | < s. Arguing as above, this implies that x G ⊆ ∆, which implies that O 2 (G) ⊆ ∆. However, by Lemma 2.3 (v), this means that 
The generalized Fitting subgroup is normal in C G (N) and self-centralizing; however, this is only possible if
As in the proof of [8,
Step 5], this means that:
On the other hand, 2q 2 divides |G| 2 , so q 2 divides (s + 1) 2 . By Lemma 4.4, (s + 1) is not a power of 2, so 5q 4 (s + 1). But then:
Arguing as above, this implies that |G| < q 6 . On the other hand, q 2 divides |G| 2 , and so, again proceeding as above, this implies that
s + 1, which would in turn imply that |G| > 6q 6 , a contradiction. Therefore, if G acts regularly on the points of a generalized quadrangle of order (s, s), then G does not have a nonabelian minimal normal subgroup.
We will now assume, like above, that s is odd, 3 does not divide s + 1, and G acts regularly on the set of points of a regular quadrangle of order (s, s). 
PROOF. We note that the only part of the proof of Lemma 4.5 that relies on the existence of a nonabelian minimal normal subgroup is the use of Lemma 4.4 to prove that |O 2 (G)| s + 1.
Hence, if such a group G exists, then
, where p and O p (G) are as described in the statement of the lemma.
Suppose that |O 2 (G)| > s + 1. This would require that s + 1 is a power of 2, in which case |O 2 (G)| = 2(s + 1), and then O 2 (G) is a Sylow 2-subgroup of G. Thus G/O 2 (G) has odd order and is solvable. Since both O 2 (G) and G/O 2 (G) are solvable, so is G. Therefore, if G is not solvable, |O 2 (G)| s + 1, which implies that F * (G) O p (G) × C 2 as in the proof of Lemma 4.5.
We remark that, since gcd(s + 1, s 2 − s) = 2, by Lemma 2.3 (v), if F * (G) has even order, then Z(G) ∼ = C 2 . Otherwise, F * (G) ∼ = O p (G) and Z(G) = 1.
5. Generalized quadrangles of order (u 2 , u 3 ) with a group of automorphisms acting regularly on points Throughout this section, let Q be a generalized quadrangle of order (u 2 , u 3 ), u > 1, with point set P and line set L. Let G be a group of automorphisms of Q that acts regularly on P. Note that in this case |G| = |P| = (u 2 + 1)(u 5 + 1).
LEMMA 5.1. If G is as above, then 3 does not divide u + 1.
PROOF. Suppose that u ≡ −1 (mod 3). This means that u 5 + 1 ≡ 0 (mod 3), and so 3 divides |G|. However, by Lemma 2.3 (iii), this implies that 3 divides u 2 + 1. However, 3 never divides u 2 + 1 for any integer u, a contradiction. Hence no group of automorphisms can act regularly on P in this instance.
Assume henceforth that 3 does not divide u + 1. Note that if u is even, then G is odd, and so would be solvable. We thus assume that u is odd. This means that gcd(u 2 + 1, (u 3 ) 2 − u 3 ) = gcd(u 2 + 1, u − 1) = 2. Suppose that G has a nonabelian minimal normal subgroup N. Since 3 does not divide |G|, N ∼ = Sz(q) m for some m 1 and q = 2 2e+1 8. Let N = S 1 S 2 ...S m , where each S i is normal in N, has trivial intersection with all other S j , and is isomorphic to Sz(q).
First, u 2 + 1 ≡ 2 (mod 4), so |G| 2 = 2(u 5 + 1) 2 . Moreover, u 5 + 1 = (u + 1)(u 4 − u 3 + u 2 − u + 1), and u 4 − u 3 + u 2 − u + 1 is odd, so |G| 2 = 2(u + 1) 2 . Hence, PROOF. From (6) and (7) 
